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Abstract In this work, we present a finite element model
capable of describing both the plastic deformation which
accumulates during the hardening phase as the precursor
to failure and the failure process leading to softening
phenomena induced by shear slip lines. This is achieved by
activating subsequently hardening and softening mecha-
nisms with the localization condition which separates
them. The chosen model problem of von Mises plasticity is
addressed in detail, along with particular combination of
mixed and enhanced finite element approximations which
are selected to control the locking phenomena and guar-
antee mesh-invariant computation of plastic dissipation.
Several numerical simulations are presented in order to
illustrate the ability of the presented model to predict the
final orientation of the shear slip lines for the case of non-
proportional loading.

Keywords Strain localization, Shear bands, B-bar
method, Incompatible modes method

1
Introduction
Ever increasing demand to achieve a more economical
structural design requires that a better understanding be
obtained of the non-linear behavior of a particular struc-
tural system and a reliable estimate be furnished of its
limit load. The limit state of a complex system Crisfield
1997a and Crisfield 1997b often implies the presence of
particular components whose peak resistance has been
already defeated forcing them at that stage to function in
post-peak or softening regime.

It is well known by now that the strain-softening phe-
nomena can not reliably be represented by the classical
continuum mechanics model, and different remedies
leading to a non-standard interpretation of different model
ingredients have been proposed: non-local continuum
(Bazant et al. 1984), higher order gradient plasticity

(Coleman and Hodgdon 1985), viscoplasticity regulariza-
tion (Needleman 1988) or Cosserat continuum (De Borst
and Sluys 1991), among others. All the modifications of
this kind, usually referred to as localization limiters (see
Belytschko and Lasry 1989) lead to a significant increase of
complexity in formulating the strain localization problems
and even more in solving it numerically. For that reason,
they seem to be nowadays often replaced by a particular
modification of the classical continuum which allows that
either displacement or strain discontinuities enter the
formulation (Ortiz et al. 1987; Simo et al. 1993; Belytschko
et al. 1988; Oliver 1995; Armero and Garikipati 1995;
Runesson et al. 1991; Jirasek and Zimmermann 2001 or
Qiu et al. 2001 among others). The main advantage of
the modified continuum models of this kind is to
provide the adequate measure of the total inelastic dissi-
pation of the strain softening component regardless of the
chosen finite element mesh, which is the principal
information of interest for the limit load computation.
However, the vast majority of previous works are typically
developed in combination with elastic response, so they
can consider only either elastic or strain softening states
and thus completely ignore the possible inelastic defor-
mation which can spread outside the strain-softening zone
(i.e. the components acting in strain hardening regime).

In this work, we develop a model capable of taking into
account both the contribution of a strain hardening as well
as a strain softening model component. Such a model is
considered to be a more realistic representation of the
limit state of a massive structural system where both kind
of inelastic dissipations (either strain-hardening or strain-
softening) are considered to be non negligible. The model
problem considered in detail is the metal plasticity with
the von Mises yield criterion governing the strain hard-
ening behavior and shear slip line representing the strain
softening behavior. In this case, taking into account the
hardening phase will lead in general to stress redistribu-
tion and better estimate of shear slip line orientation. It is
considered that these two types of behavior are separated
by the localization condition, with the strain-hardening
behavior appearing as the precursor to shear slip line
creation. The crucial condition which allows to connect
two states, the states of pre- and post-localization, pertains
to imposing the equivalence of the corresponding dissi-
pations, which can be cast as the stress orthogonality with
respect to localization induced enhanced strain field. The
standard finite element implementation ought to be
modified in order to account for this orthogonality con-
dition and addition of corresponding displacement modes
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representing displacement discontinuity along yield line,
which can be carried out in a very similar manner as for
the method of incompatible modes (e.g. Ibrahimbegovic
and Wilson 1991). Moreover, in the chosen model problem
of von Mises plasticity, a particular choice of the B-bar
finite element approximation is also required for the strain
hardening phase in order to eliminate potential locking
phenomena due to quasi-incompressible behavior (e.g.
Nagtegaal et al. 1974 or Hughes 1987). A variational
framework which provides the basis for accommodating
different strain enhancement in a fully consistent manner
is constructed in this work.

The outline of the paper is as follows. In the next section,
we lay down the theoretical framework capable of accom-
modating both strain-hardening and strain-softening
effects. For clarity of presentation, we start with 1D case and
subsequently extend to more general 2D and 3D cases.
Careful considerations of the discrete approximation, based
on the finite element method, B-bar and the incompatible
mode approximations, are given in Sec. 3. In Sec. 4, we
present the results for several illustrative numerical simu-
lations. The concluding remarks are given in Sec. 5.

2
Theoretical formulation
In this section, we develop the governing equations of a
boundary value problem where the response can be highly
non-homogeneous with one or more sub-domains where
the peak stress resistance is reached and which are thus
acting in a strain softening regime whereas the rest of
the structure still remains placed either in elastic or in
elasto-plastic strain hardening regime. The motivation for
representing such a combination of plastic zones stems
from interpretation of a typical plastic failure pattern of
massive structures. The model developed herein for
representing this kind of problem is capable of describing
both the strain-hardening and strain softening regimes, as
well as identifying the stress state which corresponds to
passing from hardening to softening. In particular, the
latter is considered to coincide with the satisfaction of
the localization condition (e.g. Hill 1962 or Rice 1976)
modified for the presence of hardening. For clarity of
ideas, we first present the development pertinent to 1D
case and subsequently generalize to 2D and 3D cases.

2.1
Motivation: hardening/softening plasticity for 1D case
We consider a 1D model for simple shear test, as a bar of
length ‘ (of a unit section) built-in at one end and sub-
mitted to an imposed shear traction at another end. We
limit ourselves to small displacement gradient theory
which allows us to keep the standard format of kinematics
and equilibrium equations:

�ee ¼ o�uu

ox
ð1Þ

or
ox

þ b ¼ 0 ð2Þ

where �uu, �ee and r are, respectively, transverse displacement,
infinitesimal deformation and the Cauchy stress field,

whereas b is the external distributed loading. In (1) above
all the fields with superposed bar are considered as smooth,
which tacitly implies hardening plasticity. If the external
loading in (2) is equal to zero, it can be concluded that the
stress r will also be smooth (constant) along the bar.

The constitutive model of plasticity can be constructed
starting with those essential ingredients:

� additive decomposition of total strain into elastic �eee and
plastic component �eep

�ee ¼ �eee þ �eep ð3Þ
� strain energy function depending upon elastic strain

and hardening variable �nn

�wwð�eee; �nnÞ ¼ 1

2
�eeeE�eee þ �NNð�nnÞ ð4Þ

and
� the yield criterion specifying the admissible values of

stress and stress-like hardening variable �qq

�//ðr; �qqÞ ¼ jrj � ðry � �qqÞ � 0 ð5Þ

where ry denotes the yield stress.

All the remaining ingredients of the plasticity model can
be obtained from the standard thermodynamics consid-
erations and the principle of the maximum plastic dissi-
pation (Lubliner 1990). Namely, the second law of
thermodynamics (Truesdell and Noll 1965; Lubliner 1990
or Maugin 1992) states that the dissipation always remains
non-negative, which can be written by making use of the
results (3) and (4) as:

0 � D ¼ r_�ee�ee � d

dt
�wwð�eee; �nnÞ

¼ r � o�ww
o�eee

� �
_�ee�eee þ o�ww

o�eee
_�ee�eep � o�NN

o�nn
_�nn�nn ð6Þ

One can conclude from the last equation that in an elastic
process, with no change of internal variables
ð_�ee�eep ¼ 0; _�nn�nn ¼ 0Þ and no dissipation, the stress like variables
can be defined through the following constitutive equa-
tions:

�// < 0; _�ee�eep ¼ 0; _�nn�nn ¼ 0;

D ¼ 0¼)r ¼ o�ww
o�eee

; �qq ¼ � o�NN

o�nn
ð7Þ

Assuming that the constitutive equations in (7) remain
valid in a plastic process, one can define the (positive)
plastic dissipation as:

�// ¼ 0; 0 < Dp ¼ r_�ee�eep þ �qq _�nn�nn ð8Þ
The evolution equations of internal variables for such a
process can be obtained by appealing to the principle of
maximum plastic dissipation; which states that among all
admissible values of stress satisfying (5), we ought to select
those which maximize the plastic dissipation, or otherwise:

ðr; �qqÞ ¼ arg min
�//ðr�;�qq�Þ

½�Dpðr�; �qq�Þ

� �

ð9Þ

The same problem can be recast as a minimization
problem with constraint by appealing to the Lagrange
multiplier method and introducing the Lagrangian
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max
8 _�cc�cc>0

min
8ðr�;�qq�Þ

Lpðr�; �qq�; _�cc�ccÞ; Lpð�Þ ¼ �Dpð�Þ þ _�cc�cc�//ð�Þ

ð10Þ
The Kuhn–Tucker optimality conditions (see Luenberger
1984 or Strang 1986) of this problem can readily be ob-
tained leading to the evolution equation of the internal
variables.

oLp

or
¼ 0 ) _�ee�eep ¼ _�cc�cc

o�//
or

¼ _�rr�rr signðrÞ

oLp

o�qq
¼ 0 ) _�nn�nn ¼ _�cc�cc

o�//
o�qq

¼ _�cc�cc
ð11Þ

We also obtain the constraint equation which can be
combined with the corresponding value in (8) for the
elastic case to provide the final form of the loading/un-
loading conditions:

_�cc�cc � 0; �// � 0 ) _�cc�cc�// ¼ 0 ð12Þ
The only case of plastic loading which gives a non-zero
value of _�cc�cc can be developed further by appealing to the
consistency condition to guarantee the admissibility of
stress for subsequent states:

_rr ¼ E _�ee�eee � _�cc�cc
o�//
or|{z}
_�ee�eep

0
BB@

1
CCA

_�qq�qq ¼ � d2�NN

d�nn2|{z}
�KK

_�nn�nn|{z}
_�cc�cco

�//
o�qq

0 ¼ d

dt
�// ¼ o�//

or
_rr þ o�//

o�qq
_�qq�qq

¼ o�//
or

E_�ee�ee � _�cc�cc
o�//
or

E
o�//
or

þ o�//
o�qq

�KK
o�//
o�qq

� �

) _�cc�cc ¼
o�//
or E_�ee�ee

o�//
or E o�//

or þ
o�//
o�qq

�KK o�//
o�qq

ð13Þ

with this result in hands, we can further provide the rate
form of the stress–strain constitutive equations according
to:

_rr ¼
E_�ee�ee _�cc�cc ¼ 0

E �
E o�//

or E o�//
or

o�//
or E o�//

or þ
o�//
o�qq

�KK o�//
o�qq

2
4

3
5_�ee�ee _�cc�cc > 0

8>><
>>: ð14Þ

In particular, for the yield criterion in (5), leading to
o�//=or ¼ signðrÞ and o�//=o�qq ¼ 1, we can further obtain a
simplified form of the stress rate equation for plastic
loading as:

_rr ¼ E �KK

E þ �KK
_�ee�ee _�cc�cc > 0 ð15Þ

We can see that the stress will keep increasing with
increasing values of strains only as long as we remain in
strain hardening regime with �KK ¼ d2�NN=d�nn2

� �
> 0. The peak

resistance in the stress–strain diagram is identified at :

Cep ¼ E �KK

E þ �KK
¼ 0 ) �KK ¼ d2�NN

d�nn2 ¼ 0 ð16Þ

We assume that �KKð�nnuÞ ¼ 0, and that ru ¼ ry � �qqð�nnuÞ is the
ultimate value of stress. Supposing we then enter the
softening phase, with �KK < 0, according to (15) the in-
crease in strain will lead to the decrease in stress. Such a
case is fundamentally different from the strain hardening
case as shown by the following analysis. Namely, in the
latter case 1D problem under consideration with zero ex-
ternal load and constant stress state will lead to gradual
spreading of the plasticity throughout the domain, starting
from the first plastified section, since the stress will keep
increasing. For the same constant stress state and strain-
softening case, the first section which passes the peak
(typically a slightly weakened section which is supposed to
transform a bifurcation into a limit load problem) will
reduce the stress level leading to unloading in all other
sections where peak is not passed; all subsequent inelastic
deformation will be accumulated in the particular section
where the shear band is created. Considering that the shear
band thickness tends to zero, we can assume that the
displacement field can be written as:

uðx; tÞ ¼ �uuðx; tÞ þ ��gg�ggðtÞM�xxðxÞ ð17Þ
with

M�xxðxÞ ¼ H�xxðxÞ � NaðxÞ;

H�xxðxÞ ¼
1; x > �xx

0; x < �xx

�
;

NaðxÞ ¼
1; x ¼ l

0; x ¼ 0

� ð18Þ

In (17) above �uuðx; tÞ is the smooth displacement field, and
��gg�ggðtÞ is the displacement discontinuity which appears at the
shear band location �xx.

By differentiating this expression we obtain the corre-
sponding strain field which contains a regular (smooth) ~ee
and singular components:

eðx; tÞ ¼ �eeðx; tÞ þ ��gg�ggðtÞGðxÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
~ee

þ ��gg�ggðtÞd�xxðxÞ ð19Þ

where d�xxðxÞ denotes Dirac delta function at point �xx.
In accordance with this new form of the strain field, the

strain energy can also be split into a regular and a singular
part as:

wðe; �nn; ��nn�nnÞ ¼ �wwð~eee; �nnÞ þ ��ww�wwð��nn�nnÞd�xxðxÞ ð20Þ
where ��nn�nn is the internal variable which describes the soft-
ening phenomena on discontinuity.

The dissipation inequality can be written by making use
of the result in (20) leading to

0 � Dloc
X ¼

Z
X

r_ee � d

dt
wðe; �nn; ��nn�nnÞ

� �
dx

¼
Z
X

r_~ee~ee � d

dt
�wwð~eee; �nnÞ

� �
dx þ t _��gg�gg��gg�gg � d

dt
��ww�wwð��nn�nnÞ

� �
�xx

ð21Þ
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where we used the definition of Dirac delta function in (19)
to obtain the traction at discontinuity as:

t ¼ rj�xx ð22Þ
Comparing the last expression with the one in (8), we can
conclude that the dissipation in post-localization phase
can be reduced to the sum of the regular and singular
components which can be written as:

Dloc
X ¼

Z
X

r_eep þ q _�nn�nn|fflfflfflfflffl{zfflfflfflfflffl}
DX

dx þ ½��qq�qq��nn�nn
j�xx; ��qq�qq ¼ � o��ww�ww

o��nn�nn
ð23Þ

if the following condition appliesZ
X

GðxÞrdx þ t ¼ 0 ð24Þ

The expression in (24) above is considered as an orthog-
onality condition which ought to be imposed and solved
for simultaneously with the global equilibrium equations.

The second term in (21) above represents the contri-
bution of the discontinuity to the total dissipation. In or-
der to develop further the exact nature of such a
contribution, we postulate the yield criterion at disconti-
nuity which defines the corresponding admissible traction
values according to

��//�//ðt; ��qq�qqÞ :¼ jtj � ðru � ��qq�qqÞ ¼ 0 ð25Þ
The principle of maximum plastic dissipation applied to
the case where only discontinuity remains active can be
written by introducing the Lagrange multiplier in the
form:

c ¼ ��cc�ccd�xx ð26Þ
which further restricts the corresponding Lagrangian to
the discontinuity according to:

Lpð��qq�qq;��cc�ccÞ ¼ ���qq�qq
_��nn�nn��nn�nn

h i
�xx
þ
Z
X

_��cc�cc��cc�ccd�xx|{z}
_cc

��//�// dx

¼ ���qq�qq
_��nn�nn��nn�nn þ _��cc�cc��cc�cc��//�//

h i
�xx

ð27Þ

The Kuhn–Tucker optimality conditions then reduce to:

_��nn�nn��nn�nn ¼ _��cc�cc��cc�cc

_��cc�cc��cc�cc � 0; ��//�// � 0; _��cc�cc��cc�cc��//�// ¼ 0
ð28Þ

The time derivative of this yield criterion furnishes the
consistency condition to compute the corresponding value
of the plastic multiplier with:

0 ¼ signðtÞ _tt þ o��qq�qq

o��nn�nn|{z}
���KK�KK

_��nn�nn��nn�nn ) _��cc�cc��cc�cc ¼ 1
��KK�KK
_tt signðtÞ ð29Þ

where the result in (28) above was exploited. It is impor-
tant to note that the rate of change of traction at discon-
tinuity can not be computed from a constitutive equation;
it is rather obtained from the time derivative of the or-
thogonality condition in (23), leading to

_��cc�cc��cc�cc ¼ 1
��KK�KK

Z
X

G _rr dx ð30Þ

The rigid-plastic traction displacement law employed in
this work implies that the presence of discontinuity
does not affect at all the elastic response. The
corresponding coefficients of the traction displacement
law to be chosen are: traction yield value ty ¼ ru, which
is chosen in accordance with the ultimate values of
stress in the hardening regime, and the softening
modulus which depends on a particular choice of
softening law.

Let us denote as Gf the total external work expended in
the process of driving the effective flow traction
teff

y ¼ ty � ��qq�qq, to zero. Assuming linear softening law we can
thus obtain the corresponding value of the softening
modulus ��KK�KK from the following condition:

0 ¼ ty � j��KK�KKj��nn�nnu ) ��nn�nnu ¼
ty

j��KK�KKj

Gf ¼
1

2
ty
��nn�nnu ¼ 1

2

t2
y

j��KK�KKj
) ��KK�KK ¼ � 1

2

t2
y

Gf

ð31Þ

One can easily modify linear softening law in (31). For
example, with an exponential softening response we can
write:

Gf ¼
Z1
0

tyexpð�a��nn�nnÞd��nn�nn ¼ �
ty

a
½expð�a��nn�nnÞ
10 ) ty � ��qq�qqð��nn�nnÞ

¼ ty exp �
ty

Gf

��nn�nn

� �
ð32Þ

2.2
Extension to 2D/3D case
In this section, we seek to extend the validity of the pre-
sented 1D model to a general 2D/3D case. Moreover, by
making particular choice of the von Mises yield criterion,
we set to develop a suitable approach to treat the precursor
to failure in terms of the well-known shear band softening
response. The basic ideas already introduced in the 1D
framework remain unaffected, and the main novelty is
brought about by the tensor notion needed to describe this
2D/3D case. In particular, the two sets of equations, de-
scribing the kinematics and equilibrium now can be
written as:

�ee ¼ $s�uu

div½r
 þ b ¼ 0
ð33Þ

where $sð�Þ denotes the symmetric part of the gradient
and divð�Þ the divergence operator. Starting again with
the hardening case where the strain and displacement
fields remain smooth as indicated with a superposed
bar in (33) above, by analogy with (3) to (5) we can
write the three main ingredients of the constitutive
model as:

� additive decomposition of the total strain into its elastic
and inelastic components
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�ee ¼ �eee þ �eep ð34Þ
� the strain energy

�wwð�eee; �nnÞ ¼ 1

2
�eee � C�eee þ �NNð�nnÞ ð35Þ

� and the yield criterion of von Mises

�//ðr; �qqÞ ¼
ffiffiffi
3

2

r
jjdev½r
jj � ðry � �qqÞ ð36Þ

where dev½r
 ¼ r � 1
3 trðrÞ1 is the deviator part of the

stress tensor.

The remaining ingredients of the model can again be
obtained by appealing to the second principle of thermo-
dynamics:

0 � D ¼ r � _�ee�ee � d

dt
�wwð�ee; �nnÞ

¼ r � o�ww
o�eee

� �
� _�ee�ee þ r � _�ee�eep þ �qq _�nn�nn

ð37Þ

which gives the stress constitutive equations and defines
the plastic dissipation:

r ¼ o�ww
o�eee

¼ Cð�ee � �eepÞ

0 < D ¼ r � _�ee�eep þ �qq _�nn�nn

ð38Þ

The principle of the maximum plastic dissipation is then
used to obtain the evolution equations for the internal
variables with:

max
8 _�cc�cc>0

min
8ðr�;�qq�Þ

Lpðr�; �qq�; _�cc�ccÞ;

Lpð�Þ ¼ �Dpð�Þ þ _�cc�cc�//ð�Þ ð39Þ

oLp

or
¼ 0 ) _�ee�ee

p ¼ _�cc�cc
o�//
or

¼ _�cc�cc
dev½r


jjdev½r
jj

ffiffiffi
3

2

r
oLp

o�qq
¼ 0 ) _�nn�nn ¼ _�cc�cc

o�//
o�qq

¼ _�cc�cc

ð40Þ

The last result implies that the plastic deformation remains
purely deviatoric. By admitting that plastic multiplier can
take both positive and zero value, we can write the load-
ing/unloading conditions according to:

_�cc�cc � 0; �// � 0; _�cc�cc�// ¼ 0 ð41Þ

with the key property of the von Mises yield function
o/̂/
or � r ¼ /̂/. The only non-zero value of the plastic multi-
plier is obtained for plastic loading case from the local
form of the consistency conditions according to:

0¼ _�//�//¼ o�//
or

� _rrþo�//
o�qq

� _�qq�qq

¼ o�//
or

�C _�ee�ee� _�cc�cc
o�//
or

�C
o�//
or

þo�//
o�qq

�KK
o�//
o�qq

� �

_�cc�cc¼
o�//
or �C _�ee�ee

o�//
or �Co�//

orþ
o�//
o�qq

�KK o�//
o�qq

¼
ffiffiffi
6

p
l

ð3lþ �KKÞjjsjjs; s¼ dev½r


ð42Þ

which allows to write the rate form of the stress constit-
utive equation according to:

_rr ¼ Cep _�ee�ee

Cep ¼

C; _�cc�cc ¼ 0

C � 1
o�//
or�C

o�//
orþ

o�//
o�qq
�KKo�//
o�qq

C o�//
or � C o�//

or

¼ C � 2l
ð1þ �KK

3lÞksk2 s � s; _�cc�cc > 0

8>>><
>>>:

ð43Þ

In extending this model to softening phase we assume that
the slip line creation will mark the softening phase. The
displacement field in the presence of the slip line no longer
remains smooth and one should take into account the
displacement jump analogous to the one in (17) from 1D
case.

If we denote by Cs the displacement discontinuity line
separating the domain in two subdomains, Xþ and X� (see
Fig. 1)

uðx; tÞ ¼ �uuðtÞ þ ��gg�ggðx; tÞMCsðxÞ

MCsðxÞ ¼ HCsðxÞ � NðxÞ;HCsðxÞ ¼
1; x 2 Xþ

0; x 2 X�

�
ð44Þ

where ��gg�ggðtÞ represents the amplitude of the displacement
jump along Cs. Assuming that the latter will increase in
time always remaining of constant direction along the
discontinuity leads to:

g
¼: ðtÞ ¼ g

¼: ðtÞm; g
¼: ðtÞjCs ¼ cst ð45Þ

where m is the unit vector tangent to the slip line.
The result in (45) further implies that directional de-

rivative of displacement along discontinuity must remain
zero:

0 ¼ D‘g
¼: ðx; tÞ ¼ rg

¼:
m ds; mTn ¼ 0 ð46Þ

where n is the unit normal vector on Cs (see Fig. 1). By
comparing (45) and (46) we can conclude that it must hold
that:

rg
¼: ¼ g

¼:
m � n ð47Þ

In the spirit of the classical works on localization problems
(Hill 1962; Mandel l966 or Rice 1976), we assume that the
bifurcation phenomena in an elasto-plastic response can
be interpolated as the difference between two smooth
stress fields, defining the corresponding jump in the stress
rate as:

Fig. 1. Slip line Cs separating the domain into Xþ and X�
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½½ _rr

 ¼ Cepðm � ng
¼: Þ ð48Þ

Furthermore, according to the Newton third law which
imposes the continuity of traction across displacement
discontinuity line Cs and the Cauchy principle which re-
lates the traction vector to stress tensor, we can write:

0 ¼ ½½_tt

 ¼ ½½ _rr

n þ ½½r

 _nn|{z}
¼0

ð49Þ

where the second term drops out because it is assumed
that the direction of the discontinuity remains fixed in
time. By combining the last two results, we obtain:

0 ¼ Cepðm � ng
¼: Þn

¼ g
¼:

Aepm

ð50Þ

where Aep is the acoustic tensor. For the case under con-
sideration which remains compatible with the von Mises
yield criterion, where the plastic deformation in the soft-
ening phase remains incompressible as indicated in (46),
the acoustic tensor can be rewritten as:

Aep ¼ l1 � 2l

ð1 þ �KK
3lÞksk2 sn � sn ð51Þ

where l and �KK are, respectively, shear and hardening
moduli.

Computing the principal values of the acoustic tensor,
one arrives at the characteristic equation which can be
written in the reference system of principal values of
stress:

0 ¼ det½Aep � k1
 ¼ ðk� � 1Þ2

�
2

ð1 þ �KK
3lÞksk2

� ðn2
1s2

1 þ n2
2s2

2Þ þ k� � 1

�
; k� ¼ k

l
ð52Þ

By imposing the localization condition in (50) with k�1 ¼ 0,
we obtain from (52) above that

�KK ¼ 3l

ffiffiffi
2

p
s

ksk sin 2h

� �2

�1

" #
; s ¼ 1

2
ðr1 � r2Þ ð53Þ

By further assuming that the localization condition occurs
at the peak resistance where �KKð�nnuÞ ¼ 0, we can obtain that
the slip line is formed at the angle h defined with

h ¼ 1

2
sin�1 kskffiffiffi

2
p

s

� �
ð54Þ

By computing the value of ksk in terms of principal value
stress, we can further obtain that

1 ¼
ffiffiffi
2

p
s

ksk=
ffiffiffi
2

p
� �2

þ p þ 3Bep
33

ksk=
ffiffiffi
2

p
� �2ð1 � 2mÞ2

3
;

B ¼ E

3ð1 � 2mÞ ; p ¼ tr½r

3

ð55Þ

It then follows from (54) and (55) that for the case of
(quasi-) incompressible material, or when the pressure p is

related to 3Bep
33, the slip line will occur at 45� with respect

to the maximum principal stress.
Having established that the localization condition co-

incides with the initiation of the displacement disconti-
nuity, we turn to the final phase of the analysis where the
discontinuity remains active. The strain field in this case is
written as:

e ¼ rsu ¼ rs�uu þ ~GG��gg�gg|{z}
~ee|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

�ee

þ��gg�ggðm � nÞsdCs ð56Þ

such thatZ
X

~GG dX þ
Z
Cs

ðm � nÞs dCs ¼ 0 ð57Þ

In (57) above we used the results in (45) and the well-
known result in distribution theory, (e.g. see Stakgold
1979) thatZ
X

/rHCs
dX ¼

Z
Cs

/n dCs ð58Þ

In accordance with such a form of the strain field, we split
the strain energy by separating the smooth part from the
discontinuity contribution:

wðe; �nn; n
¼
Þ ¼ �wwð�eee; nÞ þ w

¼
ðn
¼
ÞdCs ð59Þ

The dissipation inequality can thus be written as:

0 � Dloc
X ¼

Z
X

r � _ee � d

dt
wðe; �nn; n

¼
Þ

� �
dX

¼
Z
X

r � _�ee�ee � d

dt
�wwð�eee; �nnÞ

� �
dX

þ
Z
Cs

½t � _��gg�gg��gg�gg
ds �
Z
Cs

d

dt
��ww�wwð��nn�nnÞ

� �
ds ð60Þ

If we further assume that the following stress orthogonality
condition must be satisfied:Z
X

r � ~GG _��gg�gg��gg�gg dX þ
Z
Cs

t � _��gg�gg��gg�gg ds ¼ 0 ð61Þ

We recover from (60) above the stress constitutive equa-
tion from (38) and the total dissipation reduced to the sum
of two parts, in volume and slip line:

Dloc
X ¼

Z
X

r � _�ee�eep þ �qq _�nn�nn dX|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
Dp

X

þ
Z

Cs

��qq�qq � n
¼:

ds|fflfflfflfflfflffl{zfflfflfflfflfflffl}
Dp

Cs

ð62Þ

Once the localized solution develops, the stress orthogo-
nality condition in (61) should be joined and solved along
the set of global equilibrium equations. The yield condi-
tion controlling inelastic deformation at discontinuity is
set directly in terms of the traction vector component
tm ¼ t � m:
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��//�//ðt; ��qq�qqÞ ¼ jtmj � ðty � ��qq�qqÞ � 0 ð63Þ
Assuming further that the plastic multiplier takes the form
_cc ¼ _�cc�cc þ _��cc�cc��cc�ccdCs , we can make use of the principle of maxi-
mum plastic dissipation with:

max
8 _��cc�cc��cc�cc>0

min
8ðt�;��qq�qq�Þ

��LL�LL
p
ðr�; �qq�; _��cc�cc��cc�ccÞ; ��LL�LL

p
ð�Þ

¼ �Dloc
X ð�Þ þ

Z
X

_�cc�cc �// dX þ
Z
Cs

_��cc�cc��cc�cc��//�//ð�Þds ð64Þ

The corresponding Kuhn–Tucker optimality conditions
can then be written as:

0 ¼
Z
X

�_�ee�ee
p þ _�cc�cc

o �//
or

� �
dX

0 ¼
Z
X

� _�nn�nn þ _�cc�cc
o �//
o�qq

� �
dX

ð65Þ

accompanied with

0 ¼
Z
Cs

� _��nn�nn��nn�nn þ _��cc�cc��cc�cc
o��//�//
o��qq�qq

 !
ds )

Z
Cs

_��nn�nn��nn�nn ds ¼
Z
Cs

_��cc�cc��cc�cc ds ð66Þ

In closing this section we note that the combination of two
kinds of dissipation is thus essentially handled by the
corresponding value of the plastic multiplier. Namely,
for the plastic loading case, it is either _�cc�cc or _��cc�cc��cc�cc or both which
remain positive.

The corresponding value of the latter is obtained from
the time derivative of (63) by exploiting the results in (61)
and (65) to get

_��cc�cc��cc�cc ¼ 1
��KK�KK

Z
X

~GG _rr dX ð67Þ

If the localization condition in (50) is reached within a
given time increment, one can then separate the step in
one part where _�cc�cc evolves and the remaining part where
only _��cc�cc��cc�cc will be modified computing the corresponding
dissipation as indicated in (67). One can also compute the
corresponding ‘‘ultimate’’ value of hardening variable �nnu

occurring in such a time step.

3
Finite element implementation: mixed-enhanced
quadrilateral element
The finite element based discrete approximation (Hughes
1987; Bathe 1996; or Zienkiewicz and Taylor 2000) of the
problem on hand can be used to transform the weak form
of differential equilibrium equation in (33) into a set of
algebraic equations with nodal values of displacements as
unknowns:

A
Nel

e¼1
½f int;eðtÞ � fext;eðtÞ
 ¼ 0

f int;eðtÞ ¼
Z
Xe

�BBTrðtÞdXe; t 2 ½0;T

ð68Þ

where ð�Þext;e and ð�Þint;e denotes respectively, the element
contributions towards external and internal force vector
whereas Xe is the element domain. The parameter t in (68)
is the pseudo-time which is used to describe the particular
loading program, which is typically described by an in-
cremental sequence.

In the strain hardening phase, the complete response
and the corresponding value of stress rðtÞ in (68) can be
obtained only if the evolution of plastic strains �eepðtÞ and
hardening variable �nnðtÞ is known.

The latter can be obtained one incremental step at the
time by integrating the rate equations in (40) such that the
loading/unloading conditions in (41) remain satisfied. If
the backward Euler is used for this kind of integration
(Bathe 1996 or Simo and Hughes 2000), one can compute
the evolution of the plastic strains and hardening variable
over any time interval Dt ¼ tnþ1 � tn with:

�eep
nþ1 ¼ �eep

n þ �ccnþ1

o �//
ornþ1

�nnnþ1 ¼ �nnn ¼ þ�ccnþ1

ð69Þ

which further implies that the corresponding stress evo-
lution reads:

rnþ1 ¼ rn þ C Denþ1 � �ccnþ1

o �//
ornþ1

� �
ð70Þ

The plastic multiplier �ccnþ1 in (69) and (70) is computed
from plastic admissibility condition:

�ccnþ1 > 0; �//ð�ccnþ1Þ ¼ 0 ð71Þ
It is very important to note that the computations de-
scribed in (69) to (71) are carried out independently from
one quadrative point to another for the chosen numerical
integration rule (e.g. 2 � 2 Gauss quadratic, see Hughes
1987 or Bathe 1996) which is employed to compute the
internal force integral in (68). The main result of such a
computation which is needed at the global level for solving
the set of equilibrium equation in (68) is the plastically
admissible value of stress in (70), as well as the elasto-
plastic tangent modulus of the discrete problem:

C
ep
nþ1 ¼

ornþ1

o�eenþ1
¼ C � 2l

ð1 þ �KK
3lÞksk2 s � s

� ð2lÞ2�ccnþ1

ksn þ 2lDenþ1k

�
I � 1

ksnþ1k2 snþ1 � snþ1:

� 1

3
1 � 1

�
ð72Þ

Equivalent computations are carried out in strain soften-
ing phase, which is started once the localization condition
in (50) happens to be verified for one of the quadrative
points. One can thus obtain that:

��//�//ð��cc�ccnþ1Þ ¼ 0; tm;nþ1 ¼ ty � ��qq�qqð��nn�nnnþ1Þ ð73Þ

��KK�KKnþ1 ¼ � d��qq�qq

d��nn�nnnþ1

ð74Þ
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Having presented the time evolution computations for both
types of plastic response, hardening and softening, we now
turn towards our main concern in the finite element im-
plementation which is the choice of the discrete approxi-
mation of displacement field or the choice of element type.
Two problems ought to be addressed in this respect: first,
the locking phenomena in plastic hardening behavior of
quasi-incompressible type, which occurs for given choice
of von Mises yield criterion rendering the plastic defor-
mation incompressible (Nagtegaa et al. l974) and second
the displacement discontinuity representation in the finite
element setting. To that end, we introduce the mixed-en-
hanced strain field, which, on one side, introduces the in-
dependent volume-change deformation measure hðxÞ and,
on the other side, the displacement discontinuity mode
producing purely deviatoric strain field.

In particular, the general expression for strain field in
(56) over each mixed-enhanced finite element can be
written as:

e ¼ dev½$su
 þ 1

3
h1 þ ~GG��gg�gg þ ��gg�ggðm � nÞsdCs

ð75Þ

where dev½$su
 ¼ ðI � 1
3 1 � 1Þ$su.

In (75) and the rest of this section subscript 0n þ 10 is
dropped in order to simplify the notation. The strain en-
ergy can be split accordingly into:

wðu; h;�eep; �nn; ��nn�nnÞ ¼ �wwðdev½rsu
 � �eep; �nnÞ þ UðhÞ þ ��ww�wwð��nn�nnÞdCs

ð76Þ
If the plastically admissible values of stress and internal
variables are provided as given previously in (69) to (74),
one write the corresponding form of the total potential
energy:

Pðu; h; p;�eep; �xx; ��nn�nnÞ ¼ A
Nel

e¼1

Z
xe

�wwðdev½rsu
 � �eep; �nnÞ

8<
:

þ UðhÞ þ pðtr½rsu
 � hÞdX

þ
Z
Cs

��ww�wwð��nn�nnÞds

9=
; ð77Þ

where p is the pressure which plays the role of Lagrange
multiplier. Keeping the internal variables fixed, we can
obtain from (77) the variational equations by appealing to
the Gâteaux derivative formalism:

0 ¼ DuPð:Þ � du ¼ A
Nel

e¼1

Z
Xe

dev½r
 � dev½rsdu
½ :

þ p tr½rsdu
|fflfflfflffl{zfflfflfflffl}
div½du


dX � dPext ð78Þ

along with

0¼DpPð:Þ:dp¼
Z
Xe

½dp:div u
�h½ 
dX; e2 ½1;Nel
 ð79Þ

and

0 ¼ DhPð:Þ:dh ¼
Z
Xe

dh:ð�p þ dU

dh
Þ

� �
dX; e 2 ½1;Nel


ð80Þ

where du, dp and dh are the corresponding variations of
displacement, pressure and volume-change fields.

Within the framework of the finite element approxi-
mation, one can construct the following representations of
the real and virtual displacement fields and their deriva-
tives.

uðxÞjXe ¼
XNen

e¼1

NaðxÞua; duðxÞjXe ¼
XNen

e¼1

NaðxÞdua

Nen ¼ 4 : NaðxÞ ¼
1

4
ð1 þ nanÞð1 þ gagÞ; na; ga ¼ �1

rsduðxÞjXe ¼
XNen

e¼1

BaðxÞua; BaðxÞ ¼ rsNa

div½u
jXe ¼ bTðxÞu
ð81Þ

where ua and dua are the corresponding nodal values of
the real and virtual displacement fields, and NaðxÞ are the
displacement shape functions.

It is important to note that the variational equation in
(78) requires that the shape function Na be continuous
across element boundaries, and (81) indicates one such
choice given for a 4-node quadrilateral element in terms of
its natural coordinates n and g (see Hughes 1987 or Bathe
1996). The same restriction of continuity does not apply to
other fields featuring in variational equations (78) to (80)
so that we can choose:

hðxÞjXe ¼ lTh; dhðxÞjXe ¼ lTdh

pðxÞjXe ¼ lTp; dpðxÞjXe ¼ lTdp
ð82Þ

where h and p are the volume-change and pressure field
interpolation parameters defined in each element inde-
pendently from others.

By replacing the approximations defined in (81) and
(82) into variational equations, (79) and (80) we obtain,
respectively, alternative representation for volume-change
and pressure field as:

dpT

Z
Xe

l � l dX|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
L

h ¼ dpT

Z
Xe

l � b dXu ) hjXe

¼ �bbaðxÞua; �bbðxÞ ¼ lL�1

Z
Xe

l � b dX ð83Þ

and

dhT

Z
Xe

l � l dXp ¼ dhT

Z
Xe

l
dU

dh
dX ) pjXe

¼ lL�1

Z
Xe

l
dU

dh
dX ð84Þ
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Moreover, we can easily show that the following orthog-
onality condition is valid:

p1 � Bdevu ¼ 0; dev½r
 � Bvol ¼ 0

Bdev ¼ I � 1

3
1 � 1

� �
B;Bvol ¼ 1

3
1 � 1

� �
B ¼ 1

3
1 � b;

B ¼ Bdev þ Bvol

ð85Þ
We can recast the variational equation in (78) according
to:

0 ¼ A
Nel

e¼1

Z
Xe

Bdev � dev½r
 þ Bvol � �pp1 dX � fext;e

¼ A
Nel

e¼1

Z
Xe

�BB � r dX � fext;e

ð86Þ

with

�BB
vol ¼ 1

3
1 � �bb; �BB ¼ Bdev þ �BB

vol
; r ¼ dev½r
 þ �pp1

ð87Þ
Hence, the final form of the variational equation in (86)
above allows us to construct independently from the given
displacement approximations the finite element approxi-
mation of the volume-change strain field; which able to
avoid the quasi-incompressibility induced locking phe-
nomena (e.g. see Hughes 1987) which are also typical of
von Mises plasticity (e.g. see Nagtegaal et al. l974). One
possible choice of locking-free finite element approxima-
tion which is employed in the foregoing is given for a
4-node quadrilateral element with displacement field
represented by bi-linear polynomials as indicated in (81),
combined with element-wise constant representation of
volume-change and pressure fields, so that the result in
(83) will simplify to:

�bb ¼ 1

Xe

Z
Xe

b dX ð88Þ

In the strain softening phase, once it is triggered by the
localization criterion verification within a particular ele-
ment Xe, we ought to construct the enhanced representa-
tion of the displacement field which is capable of capturing
the discontinuity. As indicated in (50) and (52), the
localization condition sets the orientation of the shear
band in terms of the corresponding unit vector n. In ac-
cordance to the strain in (75) it holds that the plastic de-
formation along discontinuity should remain purely
deviatoric, which gives that n and m are initially orthog-
onal. With discontinuity induced plastic deformation
which is purely deviatoric, we can keep the same form of
the mixed variational principle and the resulting B-bar
strain representation as indicated in (86).

The discontinuity can be introduced in two different
manners separating either only one node from the re-
maining 3 nodes of the quadrilateral element or splitting
the 4-node quadrilateral in such a way that a pair of nodes
is placed at each side of the discontinuity. If Xþ denotes

the part of the element on one side of the slip line, we can
thus write:

MCe
s
ðxÞjXe ¼ HCseðxÞ �

X
b2Xþ

NbðxÞ ð89Þ

The corresponding form of the enhanced strain can be
obtained by taking the derivative of the given displace-
ment interpolation

~eejXe ¼ ~GG��gg�gg þ ��gg�ggðm � nÞsdCs
ð90Þ

where

~GG ¼
X
b2Xþ

�BBdev
b ðxÞm � 1

Xe

Z
Xe

X
b2Xþ

�BBdev
b ðxÞm dXe

þ ‘Cs

Xe ðm � nÞs ð91Þ

We note that the chosen enhanced strain field satisfies the
patch test. With this result on hand, we can rewrite the set
of equilibrium equations in (86) as:

r ¼ A
Nel

e¼1

Z
Xe

�BB � r dX � fext

2
4

3
5 ¼ 0

he ¼
Z
Xe

~GG � r dX þ
Z
Cs

��gg�ggm � t dC ¼ 0; e 2 ½1;Nel


ð92Þ
where the supplementary equation expresses the weak
form equilibrium over particular element Xe with respect
to the variation of enhanced strains.

Such a structure of the system allows us to reduce the
problem to the original size in (86) without the incom-
patible modes, by appealing to the static condensation
procedure (e.g. see Ibrahimbegovic et al. 1998).

4
Numerical examples
In this section, we present the results of several numerical
simulations of a failure process by shear banding which
serve to further illustrate the main features of the proposed
methodology. All the computations are carried out by the
computer program FEAP, which is developped by
Professor R.L. TAYLOR at UC Berkeley (e.g. see Zie-
nkiewicz Taylor 2000). The finite element models all em-
ploy the 4-node quadrilateral element with �BB strain
interpolations and embedded discontinuity.

4.1
Pure shear test
We present here some results obtained considering a very
simple test with a reduce number of elements in order to
test the capabilities of the model. The test considered is a
pure shear one as presented in Fig. 2. The material prop-
erties are given in Table 1.

The problem is solved using the arclength method. In
order to change the bifurcation problem into a localization
one, a band of elements (in gray in Fig. 2) has been
weakened by slightly reducing the limit stress. The

96



sensitivity of the proposed model to mesh refinement and
mesh distortion is checked by considering the different
meshes presented in Fig. 2.

The results are given in Fig. 3 in terms of the horizontal
shear load versus the horizontal displacement of point
A. We can note that, as expected, the numerical results
are quite independent of mesh refinement and
distortion.

4.2
Simple shear test
In this example, we consider a simple shear test under
plane strain condition. The test is carried out under
displacement control: horizontal displacements at top
and bottom of the specimen are imposed as indicated in
Fig. 4 (rotations are not allowed). The analysis is
carried out considering a J2 plasticity model with an
exponential hardening rule with saturation and a linear
softening rule. The material considered is quasi
incompressible, its characteristics are given in Table 2.
The tested sample is a rectangular of 20 cm long and
10 cm high.

As for the test presented here above, in order to control
localization, a band of elements (in gray on Fig. 4) is
weakened by slightly reducing the limit stress. Mesh ob-
jectivity is checked considering different mesh refine-
ments. The results are depicted in Fig. 5 in terms of the
horizontal load versus the imposed displacement for two
different mesh refinements.

It can be noted that the results in terms of the limit load
and the dissipated energy are quite identical. We can also
note that, in the case of quasi-incompressible material, the
use of the B-bar method solve efficiently the problem of
locking.

Fig. 2. Pure shear test

Table 1. Material properties for pure shear test

Continuum plasticity model
Young modulus 210 GPa
Poisson ratio 0.4999
ry 0.35 GPa
r1 0.60 GPa
�bb 200

Softening rule parameter
��KK�KK )0.05 GPa/mm

Fig. 3. Load/displacement results for a pure shear test
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4.3
Traction test
We present here some results considering a double not-
ched beam submitted to a traction test under plain strain
condition (see Fig. 6). The material parameters are the
same then those used for the simple shear test presented
here above (see Table 2).

The test is carried out under displacement control. The
tested sample is 20 cm long and 10 cm high. Figure 7
shows the map of accumulated plastic deformation at the
end of the test. A shear band develops during the test
between the two notches of the beam. Figure 8 gives a
representation, at the end of the test, of the discontinuity
lines activated in localized elements. A straigthforward
parallelism can be made between Fig. 7 and Fig. 8: local-
ized elements correspond to those where plastic defor-
mation has significantly developed. Those two figures

Fig. 4. Simple shear test

Table 2. Material properties for simple shear test

Continuum plasticity model
Young modulus 210 GPa
Poisson ratio 0.4999
ry 0.55 GPa
r1 0.75 GPa
�bb 200

Softening rule parameter
��KK�KK )0.1 GPa/mm

Fig. 5. Load/displacement results for a simple shear test

Fig. 6. Traction test

Fig. 7. Accumulated plastic deformation
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illustrate the two different dissipative mechanisms taken
into account by the model: a bulk dissipation mechanism
characterized by the development of plastic deformation
and a surfacic dissipation mechanism characterized by the
creation of a displacement discontinuity.

5
Conclusions
In this work we developed a plasticity model where
hardening mechanisms are combined in order to repre-
sent the plastic failure. The class of problem of main
interest for this kind of model pertains to the failure of
massive structures where final failure mechanism is
preceeded by significant development of plastic zone and
where the contribution of the so-called fracture process
zone remains of equal importance for total plastic dissi-
pation as the actual failure mechanism itself. The case
which is studied in detail is the plastic failure of metals
where the plastic zone creation is governed by the von
Mises yiled criterion and where the failure mechanism is
represented by plastic slip lines. This model problem
requires that a special care be taken when choosing the
finite element interpolations in order to eliminate the
locking phenomena related to quasi-incompressible el-
asto-plastic response. The latter is achieved by using the
�BB mixed interpolations resulting with a development of a
mixed-enhanced 4-node quadrilateral finite element,
which also incorporates an embedded discontinuity as an
enhanced mode which is activated at the start of the
failure process. It is clear that the presented model would
also possess the advantage over the vast majority of
previous models of this kind which consider only elastic
hardening and plastic softening in being able to predict
better the final orientation of the shear slip line after the
initial redistribution of the stress is completed. Addi-
tional advantage of this model with respect to other
available models which choose so-called optimal SKON
formulation (e.g. Jirásek 2000) is the choice of the real
and virtual enhanced strains which are identical and thus
guarantee the symmetry of the tangent operator and
provides a more efficient computation procedure. Finally,
although the chosen model problem considers only
metals and the von Mises plasticity, the proposed concept
of combining the inelastic hardening and inelastic soft-
ening to fully explain the failure of a massive structure
can easily be adapted to other criteria and other models
of inelastic response, such as damage or combined
damage plasticity.
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